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Wiener process and stochastic integrals in Hilbert spaces

A cylindrical Wiener process in a Hilbert space K is a family of random
variables

W={WkF, t>0 ke K}

such that
e fOr each k € K, {Wt"", t > 0} is a real centered Wiener process;
e for each t > 0, the mapping k — Wt’“ is linear and satisfies

E[W} W! = (t As) (k,h).
It can be defined by the formula
Wtk — Z ﬁ?<k7€n>7
n=0

where (e,) is a basis of K and (8") an independent sequence of real standard
Wiener processes. Formally:

Wy = Z 6?6%
n=0



Stochastic integrals with values in another Hilbert space H can be defined:
t
I; = / b dWs, t >0, (1)
0

where {d;, t > 0} is a process with values in (a subspace of) L(K, H).
For “simple” {®ds, t > 0} we have the Ito isometry

t
EILE =B [ [0.f2 gy

[® € Lo(K, H), the Hilbert-Schmidt class, if |¢|§2(K,H) = > o |Pen]% < o0.]

If {dy, t > 0} is a progressive process in Lo(K, H) satisfying

t
/ |¢S|%2(K’H)ds < 00, P—a.s., t>0,
0

then {I;, t > 0} defined in (1) is a local martingale in H.

Remark. Suppose K = L?(0,1). For t > 0 and = € [0,1] one can define
random variables

W([0,] x [0,z]) = W/}, where k=1,
The space-time white noise is the (distributional) derivative
2

OxOt

W(t, z) = W([0,t] x [0, x]).



Stochastic evolution equations in Hilbert spaces

dX; = AXy dt + F(t,X:) dt + G(t, X;) dW;, t e [0,T],
Xo=x € H,

where:

e VW is a cylindrical Wiener process in a Hilbert space K;

e the unknown process X = {X;, 0 <t < T} takes values in another Hilbert
space H;

e A is a linear operator in H;

e [' takes values in H and G takes values in L(K,H).



Motivation: stochastic PDEs

Stochastic heat equation on the interval € € [0, 1]:

82

y

y(t,0) =y(t,1) =0,
L y(oag) — xO(‘g)a

where t € [0,T] and W is space-time white noise in L?(0, 1).

Suppose f,g € C1(R) with bounded derivatives, g bounded.

Reformulation as a controlled evolution equation: we define

H =K = L?(0,1), X =y(t,-).

We set, for z(:) € H = L?(0,1),

02 x

F(z)(-) = f(()), G@)()=g(()), Az= 282’

with domain dom(A) = H?(0,1) N H3(0,1). Then (2) becomes
dXt — AXt dt —|— F(Xt) dt —|— G(Xt) th,

%y@,@ = 55V O T 1) + 9OV, ©),

(2)

with initial condition Xg = xg, where W is a cylindrical Wiener process in K.



Assume the following general assumptions:
e A generates a strongly continuous semigroup {e'4, ¢t > 0} in H.

e F:[0,T] x H— H satisfies, for t € [0,T], =,y € H,
[F(t,z)| < C(L+|z|), [F(t,z) = F(,y)| < Clz—yl,

e G:[0,T]xH— L(K,H) is bounded and for s >0, t € [0,T], =,y € H,

|€SjG(tafﬂ)|L2(K,f) < Cs7(1+|z|),
|es G(tax) —e’ G(tay)|L2(K,H) <C 8_’7|3j - y|7

for some v € [0,1/2).

For every t € [0,T] and =z € H there exists a unique solution of the equation

dXs = AXsds+ F(s,Xs) ds+ G(s,Xs) dWs, se[t,T] C[0,T],
X =x € H,

i.e. an adapted continuous process satisfying
X, = (DA 1+ / e OAR(r, X,) dr + / e DAG(r, X,) dW,, s € [t,T).
t t

The solution is a Markov process in H denoted {X.*, 0<t<s<T,z € H}.



The backward equation

With X as before we also consider the backward differential equation for the
unknown process {(Ys, Zs), s € [t,T]}:

{ dYS - w(X?x)YS) ZS) dS + ZS dWS? CRS [taT]a
Yr = ¢(X7").
Y is real and Z takes values in K*, ¢ and ¢ are functions such that

e . H— R is Lipschitz and ¢ : H x R x K* — R satisfies

1Y (x,y1,21) — Y(x,y2,22)| < C(lyr — y2| + |21 — 22]),
[V (x1,y,2) — Y(x2,y,2)| < Clra — z1[(1 + |2[)(1 + |z1] + |22| + [y)D™.

Pardoux and Peng 90 proved that there exists a unique (F;)-adapted solution
satisfying

T
E sup |Y:i|? < oo, ]E/ | Zs|?ds < oo.
se[t,T] t

We denote Y, = Y'*, Z, = Z'*.

Y,}"" is deterministic. We set

v(t,z) =Y, te[0,T], z € H.
Then, for some Borel function ((¢t,z), for 0<t<s<T,x € H,
Y =w(s, X0, 2" =((s, X,



Regularity of v and identification of 7
Given (t,z) € [0,T] x H we set v(t,z) = Y,"”, where

([ dX!'* = AXY" ds + F(s, X)) ds + G(s, Xb") dWs, s € [t,T] C [0,T],
X" =g,

dY " = (X7, YT, Z0%) ds + Z07 dW,

YT = d(XET).

\

Theorem If F(t,-),G(t,-),p,v € Ct then v(t,-) € C* with polynomial growth
and

7 = Vou(s, X)) G(s, X107, 0<t<s<T,xz€H.

For H = R" see Pardoux-Peng LNCIS 92. For the general case F.-Tessitore
AOP 02.

Idea of the proof. One starts from
Yot =w(s, XJ"),
and takes the Malliavin derivative:
Dy Y = Vu(s, X0*) Do X157, 0<t<o<s<T.
Taking Malliavin derivatives in the forward-backward system one finds
DoY{" — 2%, DoX" — G(s, X)),
as o | s.



Optimal stochastic control problems

Xt=a:EH,

A control process is an adapted process v with values in U. To each control
we associate a cost as follows. The process

{ dX, = AX,ds + F(s, X,) ds + G(s, Xs) dW,, s € [t,T] C [0,T],

Wi = W, — / R(X,,u,) dr, R: H x U — K bounded
t

is Wiener under P* = pP,

T T
1
p = exp (/ R(X,,us)* dW, — —/ |R(Xs, us)|? ds) .
0 2 /o
The cost is
T
It u() =B [ L(Xw) ds+E* 9(Xr),
t
with L, ¢ real functions. X is the (unique in law) solution of

{ dXs = AX, ds + F(s,Xs) ds + G(s, Xs) R(Xs,us) ds + G(s, Xs) dWY, s € [t,T],
Xt - X.



Examples: controlled stochastic PDEs

Example 1. Controlled stochastic heat equation driven by white noise:

/

ay 82y .
o (0O = 55 (4O + 76 0) + 9y 0) [u(t, ©) + W, O]

y(t,0) =y(t,1) =0,
L y(oag) — x0(£)7

Here (¢,£) € [0,T] x [0,1] and u is a real random field.

Example 2. Heat equation with boundary noise and boundary control:

2

oy . &%y
a(t,,ﬁ') = a—é'Q(t7£) + f(y(t7£))7

1

) S0 = ul + 5,

Oy > OW?
—(t,1) =

85( ) ) Uy + ot ’

L y(07£) — mO(ﬁ)?
Here (W1, W?2) is Wiener in R? and v = (u!, u?).

See Debussche-F.-Tessitore 07.
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BSDE approach to control problems

Control problem starting at (¢,z): minimize

T
J(t 2, u(-)) = E* / L(Xy,us) ds + E* 6(X7),

where

{ dXs = AXsds+ F(s,Xs) ds+ G(s, Xs)R(Xs,us) ds + G(s, Xs) dAWE, s € [t,T],
Xy =x € H.

Value function: v(t,z) = inf,.y J(t, z,u(-)).
Solve the forward-backward system
dXs = AXsds + F(s,Xs) ds+ G(s, X)) dWs, se[t,T] C [0,T],

Xt — I,
dYs = Y(Xs, Zs) ds + Zs dWs,
Yr = ¢(X7).

where

We assume the infimum is achieved at some measurable

u=~v(x,z).

11



From the backward equation
T T
Y, = ¢(X§:’”) — / [ZsR(Xs,us) + (X5, Zs)] ds — / Zs dW
t t

adding and subtracting ftTL(XS,uS) ds and taking E¥:

T
Yi = J(t @, u() / L(Xe,us) + ZoR(Xs, us) + (X, Z5)] ds.

Since [...] > 0 it follows that Y; < J(¢,z,u(-)) and we have equality provided
us = v(Xs, Zs)-
So this control is optimal, the value function is
o(t, @) =Y =Y,
and the optimal control is given by a feedback law
us = (X5, (s, X5)) = u(s, Xs).

If v is regular, then then feedback law is related to the gradient of the value
function:

us = v(Xs, Vo(s, X5) G(s, Xs)).

Problem: characterize v(t,x) = Yf"“C (as the solution of a PDE).

12



Extensions and complements

1. Given X, consider again

{ dYs; = (X" Y5, Zs) ds + Zs dW, s € [t,T],
Yr = ¢(X5).

More general conditions have been considered on :
e Y(x,y,z) Lipschitz in z and dissipative in y: Briand-Confortola AMO 07.
e Y(x,y,z) quadratic in z: Briand-Confortola SPA 07.

2. General equation

dY, = —BY; dt + f(w,t,Ys, Z.) dt + Z, dW;,  te [0,T],
YT — S(W),

with Y taking values in a Hilbert space V (and Z in Lx(K,V)).

e Solvability:

Hu-Peng SAA 91 (4 stochastic maximum principle), Pardoux-Rascanu Sto-
chastics 99, Confortola SPA 06.

e Applications to stochastic games (with an infinite number of players):
F.-Hu AMO O07.

3. “Fully coupled” FBDEs: Ma-Yong (book) 99, Guatteri JSAA 07.

4. Equations on [0,00) etc.
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Kolmogorov equations on a Hilbert space

Consider again the Markov process {Xﬁ"”, 0<t<s<T,ze€ H} in H defined
by the equation

dXs = AXsds+ F(s,Xs) ds+ G(s, Xs) dW,, se[t,T] C[0,T],
Xt =ux € H.

Define its transition semigroup {P.s: 0 <t < s < T} and its (formal) generator
{£::0<t< T}, acting on for bounded ¢ : H — R:

Pis[¢)(z) = Eo(XH7), x € H,
C6)(z) = %Trace (G(t,2)G(t,2)* V2(2)) + (Az + F(t,2), Vé(x)).

Then the function  wu(t,z) = P.r[¢](z),
is a candidate solution of the Kolmogorov equation

8u(t x)

ot
More generally, the solution of the linear nonhomogeneous equation

3u(t x)

+ Li[u(t,)](x) = 0, u(T,z) = ¢(x), te [0,T], z € H.

+ Li[u(t, )] (x) = f(t, ), uw(T,xz) = ¢(x), te [0,T], z € H.

has the candidate solution given by the variation of constants formula:
T
u(t;a) = Parlel(@) ~ [ Palf(s, )] (@) do.
t

14



BSDEs and parabolic equations on a Hilbert space

Given (t,x) and real functions ¢, 1, solve the forward-backward system

[ dXD" = AXY® ds + F(s, X)) ds + G(s, X0*) dW,, s € [t,T] C [0,T],
Xf’w = x,

dY}® = p(XL7, Y, Z07) ds + ZLT dW,

Yt = ¢(X7"),

N\

\

and set v(t,z) = Ytt"”. Then v is a candidate solution of the semilinear par-
abolic PDE:

P2 1 Lot (@) = (00t 2), Vol 2)G(,2)),
v(T,z) = ¢(x), te [0,T], x € H.

This was first proved in Peng 92, Pardoux-Peng LNCIS 92 if H = R".

15



Parabolic equations on a Hilbert space. The notion of mild solution

ov(t, )

o T Lot ))(@) = vz, v(t2), Vot 2)G (¢, 7)), v(T,z) = ¢(z).

e Classical solutions (at least v € C*2((0,T) x H)):
Barbu-Da Prato (book, 1983), Da Prato-Zabczyk (3 books).

e Viscosity solutions (only uw € C((0,T) x H)):
P.L. Lions (1988, 1989a, 1989b), Crandall-Kocan-Swiech (1993/94), Swiech
(1994), Kocan-Swiech (1995), Gozzi-Rouy-Swiech (2000), Gozzi-Swiech (2000).

e The notion of mild solution. In analogy with the variation of constants
formula, we call v a mild solution if it satisfies, for t € [0,T], z € H,

T
U(tax) — Pt,T[¢] (QZ‘) - / Pt,S [¢('7U(57 ')7 V’U(S, ')G(S7 ))] (.’13) ds.

t
Here we require v(t,-) € C'1 with polynomial growth.

Analytic approach to mild solutions: Da Prato-Cannarsa (1991, 1992), Gozzi
(1995, 1996), Cerrai (LNM 1762), Masiero (2005).
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Theorem (F.-Tessitore AOP 02). Suppose that F(t,-),G(t,-), ¢, € Ct and
consider the FBSDE

(dXD" = AXY" ds + F(s, X)) ds + G(s, X0*) dWs, s € [t,T] C [0,T],
X" =g,
dY " = (X7, YT, Z07) ds + Z0T AW,

| Y7 = o(Xp"),

Setting v(t,x) = Y;"*, then v(t,-) € C' with polynomial growth and v is the
unique mild solution of the PDE:

% + Li[v(t, )](x) = P (z,v(t, z), Vo(t, z)G(t, z)),

N\

(3)
v(T,z) = ¢(x), te[0,T], x € H.

In particular, in control problems this characterizes the value function as the
unique solution to the Hamilton-Jacobi-Bellman equation (3).

Under the ellipticity condition |G(t,z) | < C less regularity is required on ¢
and . see F.-Tessitore Stochastics 04.

17



Sketch of the proof. Existence. Mild solution:

T
’U(t,.il?) — Pt,T[¢] (x) - / Pt,S [¢('7U(87 ')7 V’U(S, ')G(Sa ))] (LU) ds.

t

Fix ¢,z and denote X, = X%, X, = X\*, X, = XI", se[t,T].
By a previous result, v(s,-) € C' and

Y = v(s, Xs), Zs = Vu(s, X;s) G(s, Xs).

Then

Prs[yp (-, v(s, ), Vu(s, - )G(s,-))](z)
= E@DEX& v(s, Xs), Vu(s, X5)G (s, X5))
= E+(Xs, Y, ZS>7

and P r[¢](z) = E¢(Xr).
Next we recall the backward equation

T T
Yi -I-/ ZsdWs = ¢(X1) — / Y(Xs, Y, Zs)ds,
t t

and we take expectation:
T
o(t,2) = Vi =Eo(Xr) ~ [ Ew(X..Yi, Z)ds
t

T
=Pt,T[</5](fL’)—/t P sl(-,0(s,-), Vu(s, )G (s, )] (z) ds.
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