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Introduction

(Ω,F ,P) a complete probability space

(W (t), t � 0) 1-dimensional Brownian motion on this space
(Ft )t�0 the completed natural �ltration generated by W
A = A(Ω,F ,P;W ) the set of all (Ft )-progressively
measurable processes v(�) taking their values in Rd such that

E
hR T
0 jv(s)j2ds

i
< ∞ for all T > 0.
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dy(t) = (Ay(t) + Bu(t)) dt + (Cy(t) +Du(t)) dW (t),

0 � t � T , (1)

u(�) 2 A, where A,C 2 L(Rn,Rn), and B,D 2 L(Rd ,Rn).

The initial condition is

y(0) = x 2 Rn. (2)

Problem
Give an easily computable condition for �approximate
controllability� for (1) in the general case of nonzero D with

possibly Rank(D) < n.
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Existing Results

Peng, S. (1994)

Liu, Y., Peng, S. (2002)

Buckdahn, R., Quincampoix, M., Tessitore, G. (2006)
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Results due to Peng

Consider the SDE

dy(t) = b(y(t), u(t))dt + σ(y(t), u(t))dW (t) (3)

from the initial point

y(0) = x 2 Rn, (4)

to a given terminal point

y(T ) = ξ 2 L2(Ω,FT ,P;Rn). (5)

De�nition

(3) is exactly terminal-controllable (respectively exact controllable)
if, 8ξ 2 L2(Ω,FT ,P;Rn) (resp. 8ξ 2 L2(Ω,FT ,P;Rn) and
x 2 Rn) 9u(�) 2 A such that (5) (resp. (5) and (4)) holds.
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The case Rank(D)=n (Peng)

dy(t) = (Ay(t) + Bu(t)) dt + (Cy(t) +Du(t)) dW (t), (1)

Theorem

(1) is exactly terminal-controllable if and only if

rank(D) = n.

(1) is equivalent to

dy(t) = (Ay(t) + A1u0(t) + B 0u00(t))dt + u0(t)dW (t).
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The case Rank(D)=n (Peng)

dy(t) = (Ay(t) + A1u0(t) + B 0u00(t))dt + u0(t)dW (t). (6)

Theorem

(6) is exactly controllable if and only if

rank [B 0,AB 0,A1B 0,AA1B 0,A1AB 0...] = n.
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The case D=0

De�nitions

(1) is approximately controllable if
8x 2 Rn,T > 0, η 2 L2(Ω,FT ,P;Rn) and ε > 0,
9u(�) 2 A s.t.

E
�
jy(T , x , u)� ηj2

�
� ε

(1) is approximately null controllable if the above condition

holds for η = 0.

L,M 2 L(Rn,Rn), a linear subspace V � Rn is
(L,M)�strictly invariant if LV � SpanfV ,MV g.

Dan Goreac Université de Bretagne Occidentale, Brest, France Approximate controllability



Approximate controllability in �nite dimensions
Approximate controllability in in�nite dimensions

Existing results
Approximate controllability in the general case

The case D=0

De�nitions

(1) is approximately controllable if
8x 2 Rn,T > 0, η 2 L2(Ω,FT ,P;Rn) and ε > 0,
9u(�) 2 A s.t.

E
�
jy(T , x , u)� ηj2

�
� ε

(1) is approximately null controllable if the above condition

holds for η = 0.

L,M 2 L(Rn,Rn), a linear subspace V � Rn is
(L,M)�strictly invariant if LV � SpanfV ,MV g.

Dan Goreac Université de Bretagne Occidentale, Brest, France Approximate controllability



Approximate controllability in �nite dimensions
Approximate controllability in in�nite dimensions

Existing results
Approximate controllability in the general case

The case D=0

dy(t) = (Ay(t) + Bu(t)) dt + (Cy(t) +Du(t)) dW (t), (1)

Theorem
The following assertions are equivalent:
1. Equation (1) is approximately controllable.

2. Equation (1) is approximately null controllable.

3. The largest (A�;C �)-strictly invariant subspace of Ker B� is the
origin.
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The general case (Rank(D)=r)

(1) is equivalent with

dy(t) = (Ay(t) + B1u0(t) + B2u00(t))dt (7)

+(Cy(t) +D1u0(t))dW (t),

where A,C 2 L(Rn,Rn), B1,D1 2 L(Rr ,Rn),
B2 2 L(Rd�r ,Rn) and rank D1 = r .

De�nition

L,M,N 2 L(Rn,Rn) , V � Rn and U � Rn linear subspaces.
Conditioned to (N,U), V is (L;M)-strictly invariant if 8v 2 V , 9
w 2 V s.t. w �Nv 2 U and Lv +Mw 2 V .
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Statement of the main result

dy(t) = (Ay(t) + B1u0(t) + B2u00(t))dt (7)

+(Cy(t) +D1u0(t))dW (t),

Theorem
We have equivalence between the following assertions:
(1) The equation (7) is approximately controllable.
(2) The equation (7) is approximately null controllable.
(3) The largest linear subspace of Ker B�2 which, conditioned to
(F ,Ker D�1 ) is (A

�;C �)-strictly invariant is f0g
(for some F satisfying D�1F + B

�
1 = 0).
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The dual equation

8<:
dp(t) = [�(A� + C �F )p(t)� C �q(t)] dt

+(Fp(t) + q(t))dW (t),
p(T ) = η 2 L2(Ω,FT ,P;Rn).

(8)

(where D�1F + B
�
1 = 0)

Approximate controllability for (7) () observability
condition for (8)

8T > 0, B�2 p(s) = 0 and D�1q(s) = 0,P � a.s.,
8s 2 [0,T ] =) p = 0.
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FSDE

8<:
dp(t) = [�(A� + C �F )p(t)� C �q(t)] dt

+(Fp(t) + q(t))dW (t);
p(0) = θ 2 Rn.

(9)

Lemma

(7) is approximately-controllable i¤

8T > 0, θ 2 Rn, and q 2 L2P ([0,T ],Ker D�1 ),
B�2 p(s) = 0, P � a.s., 8s 2 [0,T ]

=) q(s) = 0, dPds � a.e and θ = 0
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Conditional viability

De�nition
U, V � Rn linear subspaces .

Viab(V/U) =
�

θ 2 V : 9T > 0, q 2 L2P ([0,T ],U) s.t.
p(s, q, θ) 2 V ,P � a.s., 8s 2 [0,T ]g .

V is conditioned to U viable locally in time (viable conditioned to
U) with respect to (8) if Viab(V/U) = V .
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Riccati equation

8>><>>:
P 0N (s) = �PN (s)(A� + C �F )� (A+ F �C )PN (s) + F �PN (s)F

� (F �PN (s)� PN (s)C �)(I +NΠU? + PN (s))
�1

(PN (s)F � CPN (s)) +NΠV ? ,
PN (T ) = 0;

(10)

Theorem

Viab(V jU) = fθ 2 V : 9T > 0 s.t. limN!∞ hPN (T )θ, θi < ∞g

Dan Goreac Université de Bretagne Occidentale, Brest, France Approximate controllability



Approximate controllability in �nite dimensions
Approximate controllability in in�nite dimensions

Existing results
Approximate controllability in the general case

Main result

dy(t) = (Ay(t) + B1u0(t) + B2u00(t))dt (7)

+(Cy(t) +D1u0(t))dW (t),

Theorem
We have equivalence between the following assertions:
(1) The equation (7) is approximately controllable.
(2) The equation (7) is approximately null controllable.
(3) Viab(Ker B�2 jKer D�1 ) is trivially reduced to {0}.
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Characterization of conditional viability

Theorem

V � Rn viable conditioned to U � Rn i¤ V is (A�;C �)-strictly

invariant conditioned to (F ,U).

Remark
For linear subspaces V ,U � Rn, the largest subspace of V which
is, conditionned to (N,U) (L;M)-strictly invariant can be obtained
in at most n iterations if we set

V0 = V ;

Vi+1 = fv 2 Vi : M((U +Nv) \ Vi ) \ (Vi � Lv) 6= φg ,
i 2 N.
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Necessary condition

Introduction

�
dX x ,ut = (AX x ,ut + But ) dt + CX

x ,u
t dWt ,

X0 = x 2 H,
(11)

(H, h�, �iH ) , (U, h�, �iU ) , (Ξ, h�, �iΞ) ,L(Ξ,H), L2(Ξ,H)

A : D(A) � H �! H generates a C0-semigroup of linear
operators

�
etA
�
t�0

B 2 L(U,H), C : H �! L(Ξ,H) linear (possibly
unbounded)

a) etAC 2 L (H; L2(Ξ,H)) ,
b)
���etAC ���

L(H ;L2(Ξ,H ))
� Lt�γ,

for some constants γ 2
�
0, 12

�
and L > 0.
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Duality condition
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Introduction

(Ω,F ,P) a complete probability space

(Ft )t�0 , W a cylindrical (Ft)�Wiener process with values in
Ξ
U the space of progressively measurable u : R+ �Ω �! U
s.t.

E
�Z T

0
jut j2 dt

�
< ∞, for all T > 0.
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Introduction
Backward dual SDE
Duality condition
The Hautus test for deterministic linear equations
Necessary condition

BSDE

�
dYt = � (A�Yt + C �Zt ) dt + ZtdWt ,

YT = ξ 2 L2 (Ω,FT ,P;H) .
(12)

Problem

Existence and uniqueness for the mild solution of (12)
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Assume CetA : H �! L2 (Ξ;H) =)
�
CetA

��
maps L2 (Ξ;H)

into H

De�nition

Mild solution :(Y ,Z ) progressively measurable with values in H,
L2(Ξ,H),
(Y ,Z ) 2 C

�
[0,T ] ; L2 (Ω;H)

�
� L2 ([0,T ]�Ω; L2 (Ξ;H)) ,

supt2[0,T ] E
h
jYt j2

i
+ E

hR T
0 jZt j

2 dt
i
< ∞,R T

0

����Ce(s�t)A�� Zs ��� ds < ∞, P � a.s.

Yt = e(T�t)A
�
ξ +

R T
t

�
Ce(s�t)A

��
Zsds �

R T
t e

(s�t)A�ZsdWs ,

t 2 [0,T ] .
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Assumptions

A1 C = C1 + C2 s.t.

1. C2 2 L(H; L2 (Ξ;H))

2. C1etA 2 L (H; L2 (Ξ;H)) , 8t > 0���C1etA���L(H ;L2(Ξ;H )) � Lt�γ, for some γ 2
�
0,
1
2

�
,

3. 9a > 1
2 s.t.

A+ a
�
C1eδA

�� �
C1eδA

�
is dissipative, for some δ & 0.

A2

�A2 is dissipative.
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Remark
1. If A is a self-adjoint, dissipative operator which generates a
contraction semigroup, then (A2) is obviously satis�ed.
2. If C1 takes its values in L2 (Ξ;H) , then we may replace (A1) 3)
by
3�) 9a > 1

2 s.t.
A+ aC �1 C1 is dissipative.
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Existence and uniqueness

�
dYt = � (A�Yt + C �Zt ) dt + ZtdWt ,

YT = ξ 2 L2 (Ω,FT ,P;H) .
(12)

Theorem

Under (A1) and (A2), there exists a unique mild solution of the
BSDE (12). Moreover

sup
t2[0,T ]

E
h
jYt j2

i
+ E

�Z T

0
jZs j2 ds

�
� kE

h
jξj2

i
, (13)

for some k > 0.
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Proposition

(i) (11) is approximately controllable i¤ 8T > 0, a solution of (12)
s.t. B�Ys = 0 dP-a.s., 80 � s � T, satis�es Ys = 0 dP-a.s.,
80 � s � T .
(ii) (11) is approximately null-controllable i¤ 8T > 0, a solution of
(12) s.t. B�Ys = 0 dP-a.s., 80 � s � T , satis�es Y0 = 0 dP-a.e.

Remark

If W is 1-dimensional, B 2 L(H), and C is a linear (possibly
unbounded) operator on H s.t. A�B� = B�A� and B�C � = C �B�,
(11) is approximately controllable i¤ R(B) is dense in H.
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The Hautus test for deterministic linear equations�
dYt = A�Ytdt, Y0 = y

Rt = B�Yt = B�etA
�
y , t � 0.

(B�y) (t) = Rt .

De�nition

The system (A�,B�) is exactly observable if jB�y j � k jy j .

If A is n� n matrix and B is n� 1
Fact

(Hautus test) We have equivalence between
(1) (A�,B�) is exactly observable

(2) rank
�
A� � sI
B�

�
= n, 8s 2 C

(3) j(A� � sI ) y j+ jB�y j � k jy j , 8s 2 C, x 2 Cn.
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The Hautus test for deterministic linear equations

Russell, Weiss (1994)
Jacob, Partington (2006)
(JP) A is an in�nitesimal generator of an exponentially stable,
strongly continuous semigroup s.t. 9 feig, fλig,

Aei = λiei , sup
i

λi < 0.

B 2 L (R;H). �
dX x ,ut = (AX x ,ut + But ) dt,
X0 = x 2 H,

is approximately controllable i¤ 8 y 2 H1, α < 0,

jB�y j2 + j(A� � αI ) y j2 > 0 whenever y 6= 0.
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Approximate controllability for in�nite dimension SDE

�
dX x ,ut = (AX x ,ut + But ) dt + CX

x ,u
t dWt ,

X0 = x 2 H,
(11)

A3 A generates an exponentially stable, strongly continuous
semigroup of operators.

Proposition

(necessary condition for the approximate controllability of (11))
8y 2 D (A�), 8α < 0,

jB�y j+ j(A� � αI ) y j > 0 whenever y 6= 0. (N1)
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Approximate controllability for in�nite dimension SDE

�
dX x ,ut = (AX x ,ut + But ) dt + CX

x ,u
t dWt ,

X0 = x 2 H,
(11)

W is 1-dimensional,
C 2 L(H),
U is a bounded closed subspace of some separable real Hilbert
space V ,
B 2 L (V ;H).

Proposition

(necessary condition for the approximate controllability of (11)
8y 2 D (A�), 8α < 0,

jB�y j+ j(A� + λC � � αI ) y j > 0, 8y 6= 0, (λ, α) 2 R�R�.
(N2)
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Example

8>><>>:
dtX u (t, x) = ∑N

i ,j=1 ∂i (ai ,j (x)∂jX u (t, x)) dt + u (t) b(x)dt
+∑N

i=1 ci (x)∂iX
u(t, x)dWt ,

X u(t, x) = 0, 8 (t, x) 2 [0,T ]� ∂O,
X u(0, x) = ξ(x), 8x 2 O,

(14)

O � RN is a regular domain,

a(x) = σ(x)σ�(x)

c = (c1, . . . , cN ) 2 C∞ �O;RN
�
, b 2 H1 (O)

∑N
i ,j=1 (ai ,j (x)� αci (x)cj (x)) λiλj � 0, for some α > 1

2
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Example

8>>>>>>><>>>>>>>:

dtY (t, x) = �
�

∑N
i ,j=1 ∂i (ai ,j (x)∂jY (t, x))

�
dt

+
�

∑N
i=1 ci (x)∂iZ (t, x)

�
dt

+
�

∑N
i=1 ∂ici (x)Z (t, x)

�
dt + Z (t, x) dWt ,

Y (t, x) = Z (t, x) = 0, 8 (t, x) 2 [0,T ]� ∂O,
Y (T , x) = η(x), 8x 2 O,

if (14) is approximately controllable and ζn(x) is a complete
orthonormal base of eigenvectors for A, then every coe¢ cient of b
in this base must be non null.
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Thank you for your attention!
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