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where u € R*
(Lu) (t,x) = (Luj) (t,x) 1<i<k

and
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@ Boccardo, Murat, Puel (83), Exeistence de solutions faibles pour des
équations elliptiques quasi-linéaires a croissance quadratique.
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Introduction

Backward doubly stochastic differential equation (BDSDE) are equation of
the following type :

T T T
Y, :§+/ (s, Ys,Zs)ds+/ g (s, Ys)st—/ ZdW, 0<t<T
t t t
(1.1)

where the dW is a forward It6 integral and the dB is a backward It6
integral.

@ Pardoux-Peng (1994) are introduced this type of equations, and they
have proved the existence and uniqueness of solutions for BDSDEs
when g and f is uniformly Lipschitz.
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the following type :
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Y, :§+/ (s, Ys,Zs)ds+/ g (s, Ys)st—/ ZdW, 0<t<T
t t t

(1.1)
where the dW is a forward It6 integral and the dB is a backward It6
integral.

e Pardoux-Peng (1994) are introduced this type of equations, and they
have proved the existence and uniqueness of solutions for BDSDEs
when g and f is uniformly Lipschitz.

@ Y. Shi, Y. Gu and K. Liu (2005), have proved the existence of
solution for BDSDE when g is uniformly lipischitz and f continuous,
with sub-linear growth in y and z.

@ In the present note, we consider the case where g is uniformly
lipischitz and f is continuous and quadratic growth in z. We prove
the existence a minimal and a maximal solution.
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BDSDE with quadratic growth

Let

f:Ox[0,T]xRxR‘— R
g:0Ox[0,T]xR—R

be measurable and such that for any (y, z) € R x RY,
F.y.z) € M (o, T,IRd>
g(.y) € M*(0, T,R)

Moreover, we assume that there exist constants C > 0 and K > 0, such
that for any (w,t) € Q x [0, T] and (y,z) € R x RY,

8y, 2) < C (14 ]ef
lg (t,y1) —g (t.y2)| < Clyr — yal (H1)
g(ty) <K

let us assume that ¢ € S ([0, T] , R).
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BDSDE with quadratic growth

Definition

A pair of process (y,z) : Q x [0, T] — R x R? is solution of BDSDE
(L1.1)if (y,z) € ST ([0, T];R) x M% (0, T;RY), and satisfies BDSDE
(1.1).
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Existence result

Under Assumption (H1), BDSDE (1.1) has a solution
(Y,Z) € S ([0, T],R) x M% (0, T,IR?) . Moreover, this equation
admits a minimal solution (Y., Z.) and a maximal solution (Y*,Z*).
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Uniqueness result

We say that the coefficient f satisfies condition (H1)-(H2) with some
constants C, C; > 0, if for every t € RT,

|f(t,y,Z)|§C(1—|-|z|2), P p.s
L (ty.2)| < C+lz))

of )
‘ay (t,y,2)| <G (1—i— |z| ) ,  Pps. (H3)

Under Assumptions (H2)-(H3), BDSDE (1.1) has a uinque solution in
S¥ ([0, T],R) x M3 (0, T,IRY) .
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BDSDE and quasilinear SPDEs

Let b € C? (RY,RY), and o € C3 (RY, R?*9). For (t,x) € [0, T] x RY,
let {XI*, t <s < T} denote the unique solution of the following SDE :

dXI* = b (XI)ds+o (X)) dW,, t<s<T (1.2)

X = x,

Let h € C? (RY,RR). For (t,x) € [0, T] x RY, let
{(YEx,Z*);t < s < T} denote the unique solution of the following
BDSDE:

T T
VR = () [ (X Yz drt [ g (r X YY) dB
S

— | zZt*dw (13
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BDSDE and quasilinear SPDEs

We will relate BDSDE (1.3) to the following quasilinear backward
stochastic partial differential equations:

-
u(t,x) = hx +/ [Lu(s,x) 4+ (s,x u (s, %), (Vuc) (s, x))] ds

+/ (s,x,u(s,x)) dBs (1.4)

where u:RT xRY — R, with
2
=3 Z/J 1 (0-0-*)/'1' (t'X) aX?an + Z;j:l bi (t'X) aiX,

Theorem

Let f, g satisfy assumption (H1). Let {u(t,x),(t,x) € [0, T] x R9} be
a random field such that u(t,x) is 1 —measurable for each

(t,x), ue C%2 ([0, T] x RY R) a.s, and u satisfies equation (1.4). Then
u(t,x) =Y, where {(YE*, Z8¥);t < s < T},og e IS the unique
solution of the BDSDE (1.3).
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Proof of the existence

Proposition

Let (Y,Z) € 87 (R) x M% (R?) be a solution of BDSDE (1.1), with
parameters (f, g, ), and suppose that f satisfies (H1). Then for all

0<t<T,
+
Y: <E (squT> /Fe| +C(T —1t) a.s
Q
(resp. Yy > E (i?)fYT) /ft]—C(T—t) a.s).

Moreover, there exists a constant C depending on ||Y ||, and C such that

T 5 -
E/ 1z, ds < C.
0
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Proof of the existence

Consider the solution ¢, of the stochastic differential equation :

+ T T
¢, = <sup YT> +/ Cds —I—/ g (s, ¢.)dBs C>0.
0) t t

Our aim is to prove that Y; < ¢,. Applying Ité's formula to the process
Yt — ¢,, with the increasing C? function G given by

G (u) = e?Cv —1—2Cu—2C%u? for u € [0, M]
10 for ue[-M,0]

where M = ||Y||, + [|¢||. Applying Gronwall's lemma we get:
EG(Y:—¢,) =0, Vte [0, T],
We obtain Y; < ¢, P — a.s. Hence,

J’_
YtSE[(squT) JFe| +C(T—t)=M*.
Q
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Proof of the existence

The second inequality will be proved by using similar arguments. Indeed
let 1 be the solution of the SDE :

1/Jt:(i?)fYT> / Cds+/ (s.9,)d

This implies that Y; > ¢,, P — a.s, and then

Y > E

(ingT> /.7-}] - C(T—t)=M". P— as.
We shall prove the inequality EfOT |Z)?ds < C. Let M= ||Y|., and the

function H defined on [—M, M] by

H () = 5e [250H — (142 (y + M))]
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Proof of the existence

lto’s formula applied to H (YY) it holds that:
L
EH (Yy) + E/ | Zy|* ds < H (M) + M?Ce*M T,
0

which leads E [, |Z|* ds < H (M) + M2Ce*MT = C
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Proof of the existence

@ K. Bahlali, S. Hamadene and B, Mezerdi, Backward stochastic
differential equation with two reflecting barriers and continuous with
quadratic growth coefficient, Stochastic processes and their
applications 115 (2005) pp. 1107-1129.

14/09 16 / 28

B. Mansouri (Biskra-Algeria) BDSDE with quadratic growth



Proof of the existence

@ K. Bahlali, S. Hamadene and B, Mezerdi, Backward stochastic
differential equation with two reflecting barriers and continuous with
quadratic growth coefficient, Stochastic processes and their
applications 115 (2005) pp. 1107-1129.

@ M. Kobylanski, Backward stochastic differential equations and partial
differential equations with quadratic growth, Ann of probability vol 28
(2000) No 2, 558-602.

14/09 16 / 28

B. Mansouri (Biskra-Algeria) BDSDE with quadratic growth



Proof of the existence

@ K. Bahlali, S. Hamadene and B, Mezerdi, Backward stochastic
differential equation with two reflecting barriers and continuous with
quadratic growth coefficient, Stochastic processes and their
applications 115 (2005) pp. 1107-1129.

@ M. Kobylanski, Backward stochastic differential equations and partial
differential equations with quadratic growth, Ann of probability vol 28
(2000) No 2, 558-602.

© J.P. Lepeltier, J. San-Martin, Existence for BSDE with
superlinear-quadratic coefficient, Stochastic Stochastic Rep. 63
(1998) 227-240.

B. Mansouri (Biskra-Algeria) BDSDE with quadratic growth 14/09 16 / 28



Proof of the existence

Let us consider the following BDSDE
T T T
thiy—i—/ F(s,XS,AS)ds—i—/ G(s,Xs)st—/ AsdW. (15)
t t t

Theorem

Assume the following hypotheses.

(i) 1 be bounded and F1—measurable random variable with values in RR.
(i) F: Q) x [0, T] x]0,00[ x RY — IR a P—measurable function,
continuous in (x, ) and satisfying the following structure condition :

3C > 0 tel que Vt,x,A P ps —2C%x— C|A]> < F(s,x,A) < 2C%x

and
|G (t,x)| < 2CK |x].

Then BDSDE (1.5) has a maximal solution (X, A¢) .
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Proof of the existence

Following Proposition 3, we have M~ < Y; < M, then
m = e2cM’ < Xt < e2cMJr - M

Step 1 Existence of X;.

Lett Vp - R? — R be a smooth function satisfying :

(1 siA <1
7P(A)_{o si [A]>1

let us define the function
Fp(t.x,A) =2%x (1=, (A)) +7, (A) F (t.x,A).

we have lim, .o N\, Fp = F.
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Proof of the existence

Applying theorem the existence in Y. Shi et al. the BDSDE associated
with (Fp, G,77) has a solution (XP, AP). Again by applying the comparison
theorem proved in Y. Shi et al., it follows that M > XP > XP*l > m.
Since F,41 < F,, there exists a process X; such that

X = lim Xf ve< T, P p.s.

p—)OO

In addition P —a.s, forall t < T,M > Xy > m .
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Proof of the existence

Step 2. There exists a subsequence of (AP) -, which converges in M2,
The sequence (AP),, is bounded in M? by proposition 3, then there
exists a subsequence of (AP) ;, which we still denote by (AP) -, which

converges weakly in M? to a process A := (A¢),1 -
6126)(_1 -

Let 6 = max (L,4c2M), ¢ (x) = (TB) — x and p < q, then we
have XP > X9. On the other hand, by using Ité's formula with

¢ (XP — X9) the fact (AP) ., converge weakly in M?, from which we
deduce that

T 2
lim E AP — Ag|”ds = 0.
t

pHOQ

Hence (Af),-; converges to As.
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Proof of the existence

Step 3. The process X = (X;), 7 is continuous.

We shall prove that (XP) converges uniformly to X in 2. Let p < g,
applying I1té’s formula to (XP — X")2 , and applying
Burkholder-Davis-Gundy inequality, agnd the fact F and F, are
continuous, and (F,) is a decreasing sequence converging to F, then by
Dini's theorem (F, (t,.,.)) converges to F (t,.,.) uniformly. On the other
hand, since (Ap) converge in M? to A, then there exists A€ M?and a
subsequence, which we still denote (AP) ., such that (AP) converge to
A and sup,>1 |Af] < A, Then F, (s, X2, AZ) converges to

F (s, X2, A%), dt ® dP — p.s. Moreover

F, (s, XP,AP) < G (1+ |A';|2) <G <1+ ‘7\5)2)

for constant (.
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Proof of the existence

Finally, since the sequence (X”) ., is bounded, the Lebesgue dominated
convergence theorem implies that

T/
£l [ 00 X0 (5.0, 00) — Fy (5. X8 A9) 85| 0
0

p.g—c0

Hence, the sequence (XP) ., converges uniformly to X in L2 and then X
is continuous.
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Proof of the existence

Step 4. Maximal and minimal solutions
Let (X, A) and (X*, A*) two solutions of (1.5). For p > 1 and n > 1, let
F; be the function defined by :

Fy(t,x,A) = sup {Fp(t,u,v)—n(lu—x|+][v—=A])}.

u,veR?

Since we have |F, (t,x,A)| < G (1 + |)\|2) , the function F[ is Lipschitz

in (x,A) and converges toF, as n — co. Now let (X7, A7) be a solution
of the BDSDE associed with (F,’;, G,;y) . Since Fy>F, > F, XJ> X*
for all n,p > 1, then for all p > 1 we have lim,_, X; = X,. Therefore
X, > X* and finaly X > X* which implies hat the solution considered is
maximal.

The existence of a minimal solution is based on the same arguments.
Indeed, let (X, Ax) another solution of (1.5). Forall p>1and n>1, let
F; be the function defined by

Fo(t,x,A)= inf {F,(t,u,v)+n(lu—x|+][v—=A])}.
u,vER?
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Proof of the existence

Since we have |F, (t,x,A)| < G (1+ p?), the function F] is Lipschitz in
(X, )L) and converges to F, as n — 0. Now let (X”,Ag) be the solution
of the BDSDE associed with (FIQ’, G,;y) . Since F[;’ <F, X,f < X, for all
n, p > 1. therefore for all p > 1, we have lim, Xlg’ = X,. Hence

X, < Xi and finaly X < X, which implies that the solution considered
is minimal.
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Proof of the existence

Proof of theorem (1.4)
We transform equation (1.1) by the exponential function X; = e?"*, we
are led to solving the following BDSDE

T T T
X, = ;7+/ F(s,Xg,AS)ds~|—/ G (s, X:) dB, —/ AsdW,. (15)
t t t
Applying 1té’s formula to X; = e2¢¥t, we get
T T T
X = X1 +/ 2cXsf (s, Ys, Zs) ds — / 2cXsg (s, Ys) dBs +/ 2cXs ZsdV
t t t

1T, o 1T, 2
—5/ 42X, |g (s, Ys))| +§/ 42X, | Z, 2 ds,
t t
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Proof of the existence

where
Inx A Inx\[> |A]?
F A)=2 f — —
=t [ (22 ) e (e 52) -
In x
=9 il
G (s, x) cxg (s, e ) :
and X; = e%Ys. This implies in particular that Y; = , Zs = 2cX and

7 = et

It is not difficult to show that the generator F (s, x, A) satisfies the
structure condition, and then we are in a position to apply theorem 5, to
prove existence of a maximal solution to the BDSDE (1.5) and then the
same can be claimed for equation (1.1) with

_ InX _ A
Ys_ 2cS 'Z$_2c)s(S :
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Thank you for your attention
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