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Introduction

Objective:

Study of a class of control problems with dynamics:

Ys = y +

∫ s

t

b(Yr, ur, πr)dr +

∫ s

t

σ(Yr−, ur, πr)dXu
r , t ≤ s, (1)

where Xu is a martingale satisfying a multidimensional Structure Equa-
tion:

[Xu]t = t +

∫ t

0

usdXu
s , t ≥ 0. (2)



Introduction

Example-motivation:

In an optimal reinsurance and investment selection problem, the dy-
namics of the risk reserve of the insurance company can be described
by an SDE of the following form (see, e.g., Y. Liu, J. Ma)

Yt = y +
∫ t

0 b(Ys, as(·), πs)ds

+
∫ t

0 σ(πs)dWs −
∫ t

0

∫

IR+
as(x)f(s, x)Ñ(dx, ds),

with

• W standard d-dimensional Brownian motion: uncertainty of the
underlying security market;

•

∫ t

0

∫

IR+
f(s, x)Ñ(dx, ds), with Ñ compensated Poisson random measure:

accumulated incoming claims up to time t;

• a a random field: reinsurance policy (or “retention ratio”);

• π = (π1, · · · , πn): investment portfolio.
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Normal Martingales and Structure Equations.

Let (Ω,F , P,F) a filtered probability space, on which is defined X =
(Xt)t≥0 a real, square integrable martingale.
Quadratic variation : t ≥ 0,
∆ : 0 = t0 < . . . < tn = t, |∆| = supi |ti+1 − ti|.

[X ]t = lim|∆|→0

∑n−1
i=0 (Xt+1 − Xti)

2,

〈X〉t = lim|∆|→0

∑n−1
i=0 E[(Xt+1 − Xti)

2|Fti].

Definition: X is normal if 〈X〉t = t, for all t ≥ 0, P -a.s. .

We have also : [X ]t = 〈Xc〉t +
∑

0≤s≤t ∆X2
s .

Definition: (Emery 89) A normal martingale X satisfies a
structure equation if there exists u F-predictable, such that

[X ]t − t =

∫ t

0

usdXs,

or equivalently
d[X ]t = dt + utdXt.



Normal Martingales and Structure Equations.

Structure equation : d[X ]t = dt + utdXt (1).

Examples :

• u ≡ 0 : X is a Brownian motion,

• u ≡ α ∈ IR∗ : Xt = α(Nt/α2 − t/α2), where N is a standard Poisson
process,

• ut = −Xt− : X is an Azéma martingale.

Main Properties: Let X be a solution of (1).
Then,

• if ∆Xt 6= 0, then ∆Xt = ut;

• continuous part : dXc
t = 1{ut=0}dXt;

• pure jump part : dXd
t = 1{ut 6=0}dXt.



The Wiener-Poisson space.

We consider now, for T > 0,

• B = (Bt)t≥0, a d-dimensional Brownian motion,

• µ, a Poisson random measure on [0, T ] × IR∗, with Lévy measure ν:
∫

IR∗
(1 ∧ x2)ν(dx) < +∞,

with B and µ independent.
Let F be the augmented version of the filtration generated by B and
µ.

Martingale representation property :
∀X ∈ M2(F, P, IRd) with X0 = 0,
∃! α ∈ L2([0, T ]; IRd×d), β ∈ L2([0, T ] × IR∗; dtdν; IRd) s.t.

Xt =

∫ t

0

αsdBs +

∫ t

0

∫

IR∗
βs(x)µ̃(dsdx), t ∈ [0, T ],

with µ̃(dtdx) = µ(dtdx) − ν(dx)dt, (t, x) ∈ [0, T ] × IR∗.



The Wiener-Poisson space.

Proposition: Let

• (ut)t≥0, a bounded, F-predictable process taking values in IRd,

• X, a d-dimensional martingale, with

Xt =

∫ t

0

αsdBs +

∫ t

0

∫

IR∗
βs(x)µ̃(dsdx), t ∈ [0, T ].

Then, X satisfies a structure equation
{

d[X i]t = dt + ui
tdX i

t , 1 ≤ i ≤ d,
d[X i, Xj]t = 0, 1 ≤ i < j ≤ d, t ≥ 0,

iff there are random sets Ai
s ∈ B(IR∗) ⊗Fs, s ≥ 0, 1 ≤ i ≤ d, such that

• (i)
∑d

k=1 αi,k
s αj,k

s = δi,j1{ui
t=0}, dt × dP -a.e.;

• (ii) βi
t(x) = ui

t1Ai
t
(x), dt × dν × dP -a.e.;

• (iii) ν(Ai
t ∩ Aj

t)1{ui
t 6=0,u

j
t 6=0}

= δi,j
1

(ui
t)

21{uj
t 6=0}

, dt × dP -a.e., 1 ≤ i, j ≤ d.



The Wiener-Poisson space.

Corollary: Assume: νc([−1, 1] \ {0}) = ∞.
Then, ∀u bounded, F-predictable, IRd-valued, the structure equation

{

d[X i]t = dt + ui
tdX i

t , 1 ≤ i ≤ d,
d[X i, Xj]t = 0, 1 ≤ i < j ≤ d, t ≥ 0,

has at least one solution in the Wiener-Poisson space.

Remark : This solution is not necessarily unique.
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The Stochastic Control Problem

Let T > 0 a finite time horizon and (Ω,F) the canonical Wiener-Poisson
space :
Ω = Ω1 × Ω2, with
Ω1 = C0([0, T ], IRd) and Ω2 = {q N-valued measures on [0, T ] × IR∗}.
F t

s = σ{Br∨t − Bt, µ(A), A ∈ B([t, r ∨ t] × IR∗), 0 ≤ r ≤ s} ∨ NP .

Let ν be a Lévy measure s.t.
∫

IR∗
(1 ∧ x2)ν(dx) < +∞, νc([−1, 1] \ {0}) = +∞,

and P a probability on (Ω,F) s.t. Bt(ω, q) := ω(t) is a Brownian motion,
µ(ω) = q is a Poisson random measure with Lévy measure ν, and B and
µ are independent.



The Stochastic Control Problem

Let U1 (resp. U d) a non empty compact set in IR (resp. IRd).
Set U = U1 × U d,
let t ∈ [0, T ]

Definition: (π, u, X) is a control at time t if:

• (π, u) is a pair of Ft-predictable processes with values in U ,

• X ∈ M2(F , IRd) satisfies






[X i]s = s +
∫ s

0 ui
rdX i

r, 1 ≤ i ≤ d, s ∈ [0, T ],
[X i, Xj]s = 0, 1 ≤ i < j ≤ d, s ∈ [0, T ],
Xs − Xt ⊥⊥ Ft, ∀s ≥ t.

Let U(t) be the set of controls at time t.



The Stochastic Control Problem

Let (t, y) ∈ [0, T ] × IRm, a = (π, u, X) ∈ U(t),

let Y t,y,a be the unique solution of
{

Ys = y +
∫ s

t b(Yr, πr, ur)dr +
∫ s

t σ(Yr−, πr, ur)dXr, s ∈ [t, T ],
Ys = y, s < t.

Cost functional : J(t, y, a) = E[g(Y t,y,a
T )], (t, y) ∈ [0, T ] × IRm,

Value function : V (t, y) = infa∈U(t) E[g(Y t,y,a
T )] (t, y) ∈ [0, T ] × IRm,

(with classical assumptions on b, σ, g).
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The HJB Equation

Theorem: The value function V is solution, in the sense of viscosity, of

(∗)

{

− ∂
∂tV (t, y) − inf(π,u)∈U Lπ,u[V ](t, y) = 0, (t, y) ∈ [0, T ] × IRm,

V (T, y) = g(y), y ∈ IRm,

with

Lπ,u[V ](t, y) = ∇yV (t, y)b(y, π, u)

+
∑d

i=1{1{ui=0}
1
2
(D2

yyV (t, y)σi(y, π, u), σi(y, π, u))

+1{ui 6=0}
V (t,y+uiσi(y,π,u))−V (t,y)−ui∇yV (t,y)σi(y,π,u)

(ui)2
}.

.



The HJB Equation

Condition H : there exists a compact set U ∈ IR such that

• 0 6∈ U ,

• U = U0 or U0 = {0} ∪ U .

Theorem : Under the condition H, the value function V is the unique
solution of equation (*) among all bounded, continuous functions.


