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Introduction

Objective:

Study of a class of control problems with dynamics:
Vomy+ [ W¥umdr+ [ oV umdXy £ < s 1)
t t

where X" is a martingale satisfying a multidimensional Structure Equa-
tion:

t
XY, =t + /O wd X", t > 0. 2)



Introduction

Example-motivation:

In an optimal reinsurance and investment selection problem, the dy-

namics of the risk reserve of the insurance company can be described
by an SDE of the following form (see, e.g., Y. Liu, J. Ma)

Yi=y +f0t (Ys, as(-), Ws)ds
+ fo o(ms)dW, — fo f]R as(x)f(s,x)N(dz,ds),
with
e |V standard d-dimensional Brownian motion: uncertainty of the
underlying security market;

o fo | R, N(dz,ds), with N compensated Poisson random measure:
accumulated incoming claims up to time #;

e ¢ a random field: reinsurance policy (or “retention ratio”);

e = (rl .- 7"): investment portfolio.
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Normal Martingales and Structure Equations.

Let (2, F, P, F) a filtered probability space, on which is defined X =
(X;)i>0 a real, square integrable martingale.

Quadratic variation : ¢t > 0,

AZO:t0< <ty =, |A’ zsupz-|ti+1—tz-|.

(X i = limja| o Z?:_olem - X,)%,
(X)e = limyajmo Doy Bl( X1 — Xy)*|F)-

Definition: X is normal if (X); =t, for all t > 0, P-a.s. .
We have also : [ X, = (X + > -, AXC.

Definition: (Emery 89) A normal martingale X satisfies a
structure equation if there exists u F-predictable, such that

t
[X]t — 1 = / USdXS,
0

or equivalently
d[X]t = dt -+ Utht.



Normal Martingales and Structure Equations.

Structure equation : d|X]; = dt +wdX; (1).

Examples :

e u=0: X is a Brownian motion,

oeu=acR: X, =aN,;—t/a’), where N is a standard Poisson
process,

o u;, = —X;,_ : X is an Azéma martingale.

Main Properties: Let X be a solution of (1).
Then,

o if AXt 7é O, then AXt = Uy
e continuous part : dX; = 1y, _ndXy;

e pure jump part : dX? = Ly, 201d Xy



The Wiener-Poisson space.

We consider now, for 71" > 0,

® B = (B;);>0, a d-dimensional Brownian motion,

® /1, a Poisson random measure on [0,7] x IR*, with Lévy measure v:
/ (1A 2?)v(dr) < +oo0,

with B and p independent.
Let F be the augmented version of the filtration generated by B and

L.
Martingale representation property :

VX € M%F, P, IR%) with X, =0,
3 a € LA[0,T]; IR™Y), 3 € L*([0,T] x IR*;dtdv; IR?) s.t.

t t
X = / asd By +/ Bs(x)p(dsdz), t € 0,T],
0 0 JR*

with j(dtdx) = p(dtdz) — v(dx)dt, (t,x) € [0,T] x IR".



The Wiener-Poisson space.

Proposition: Let

® (u:);>0, a bounded, F-predictable process taking values in IR‘,

e X, a d-dimensional martingale, with

t t
X; = / asd By +/ Bs(x)in(dsdz), t € [0,T].
0 0 JR

Then, X satisfies a structure equation

d X"y =dt +uldX!, 1<i<d,
d[ X", X7]; =0, 1<i<j<d, t>0,

iff there are random sets A’ € B(IR*) ® F,, s > 0, 1 <i < d, such that
o (i) 22:1 alFalt = 0ijLii—gy> dt X dP-a.e.;
o (ii) Bi(z) = uilA%'(:c), dt x dv x dP-a.e.;

1
52’]’

{U%#O,ug#O} — dt x dP-a.e., 1 <1,5 <d.



The Wiener-Poisson space.

Corollary: Assume: v°([—1,1]\ {0}) = o0.
Then, Vu bounded, F-predictable, [R%valued, the structure equation

d X"y =dt +uldX!, 1<i<d,
d X', X7, =0, 1<i<j<d, t>0,

has at least one solution in the Wiener-Poisson space.

Remark : This solution is not necessarily unique.
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The Stochastic Control Problem

Let T > 0 a finite time horizon and (€}, 7) the canonical Wiener-Poisson
space :

() = Ql X QQ, with

QO = Cy([0,T7], IR?) and Qy = {q¢ N-valued measures on [0,7] x IR*}.
Fl=0{Bn: — By, w(A), A€ B([t,r V] x IR*),0 <r < s}V Np.

Let v be a Lévy measure s.t.

/*(1 A x?)v(dx) < +oo, v([~1,1]\ {0}) = +o0,

and P a probability on (2, F) s.t. Biw,q) :=w(t) is a Brownian motion,
u(w) = q is a Poisson random measure with Lévy measure v, and B and
1+ are independent.



The Stochastic Control Problem

Let U, (resp. U?) a non empty compact set in IR (resp. IR?).

Set U U1><Ud
let t € [0, 7]

Definition: (mw,u, X) is a control at time ¢ if:
e (m,u) is a pair of F'-predictable processes with values in U,

o X € M*(F,IR?) satisfies

X'y =s+ [juldX!, 1<i<d, sel0,T],
[XZX]]—01§Z<]§CZ,SE[ T,
XS—XtJ_Lft, \V/SZt

Let U(t) be the set of controls at time t.



The Stochastic Control Problem

Let (t,y) € [0,T] x IR™, a = (w,u, X) € U(t),

let Y'Y be the unique solution of

Yi=y+ fts b(Y,, 7, u,)dr + fts oY, u)dX,, se€lt,T),
Y=y, s<t.

Cost functional : J(t,y,a) = E[g(Y;"")], (t,y) € [0,T] x IR™,
Value function : V(t,y) = inf,cy s Elg(Y;" )] (t,y) € [0,T] x IR™,

(with classical assumptions on b, o, g).



Outline

1. Introduction
2. Preliminaries

e Normal Martingales and Structure Equations

e The Wiener-Poisson space
3. The Stochastic Control Problem
4. » The HJB Equation



The HJB Equation

Theorem: The value function V' is solution, in the sense of viscosity, of

() { &V (t,y) —inf g LaulVIEy) =0, (t,y) € [0,T] x IR™,
V(T,y) = g(y), y € IR"™,

with
£7T,U[V] (ta ?J) — VyV(t, ?J)b(ya T, U)

+ 30 (L d (D2 V(¢ y)o'(y, m,u), o'y, m,u)

V(ty+ulo (ymu) =V (ty)—u' Y,V (ty)o (y,m,u
Jr1{ui7éo} (ty+u'o' (y,mu)) ((UZ:)yg yV(ty)o'(y )}.



The HJB Equation

Condition H : there exists a compact set U € IR such that
o0& U,
.U:U() or U():{O}UU.

Theorem : Under the condition H, the value function V' is the unique
solution of equation (*) among all bounded, continuous functions.



